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ABSTRACT
Heuristic algorithms are powerful solvers for high dimen-

sional and nonlinear optimization problems. Among them,
the Particle Swarm Optimization (PSO) algorithm has gained
significant popularity due to its maturity and fast convergence
abilities. This paper seeks to translate the unique benefits of
PSO from solving typical continuous single objective problems
to solving multi-objective mixed-discrete problems which is
relatively a new ground for PSO application. The previously de-
veloped Mixed-Discrete Particle Swarm Optimization (MDPSO)
algorithm, which includes an exclusive diversity preservation
technique to prevent premature particle clustering, has been
shown to be a powerful single objective solver for highly con-
strained MINLP problems. In this paper, we make fundamental
advancements to the MDPSO algorithm to make it capable of
solving multi-objective problems with mixed-discrete design
variables, one of the most challenging classes of optimization
problems. In the velocity update equation, the explorative term
is modified to point towards the non-dominated solution that is
the closest to the corresponding particle (at any iteration). The
fractional domain in the diversity preservation technique, which
was previously defined in terms of the globally best particle,
is now formulated as a function of the extreme solutions in
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the intermediate Pareto front. The multi-objective MDPSO
algorithm is tested using a set of benchmark problems and
a wind farm layout optimization problem. To establish the
advantages of the new multi-objective MDPSO, the results are
compared with those given by Elitist Non-dominated Sorting
Genetic Algorithm (NSGA-II) in the final paper.
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INTRODUCTION
Owing to the existence of multi-criteria in real-life

problems/applications, Multi-objective Optimization is desired,
where multiple objectives are to be optimized. Instead of search-
ing one single optimum in the objective space, multi-objective
optimization problems aim to explore the best trade-off that com-
prises a set of Pareto solutions, representing the compromises
among multiple objectives.

Aggregating approach is one common solution to solve
multi-objective optimization problems due to its relatively easy
implementation. However, the implementation of this approach
relies on the performance of the selected single objective opti-
mizer, and it is difficult to apply without foreknowing the fea-
tures of objectives being solved. Mostly importantly, it suffers
from a critical drawback: only one solution can be obtained per
each function evaluation. This inherently increases the compu-
tational cost, especially in the context of complex applications
where most problems are often nonlinear and high dimensional.
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Heuristic algorithms are suitable solvers for nonlinear and
high dimensional problems. Among them, Evolutionary Algo-
rithms (EA) and Particle Swarm Optimization (PSO) algorithms
have gained the most popularity. EA are well-suited for multi-
objective problems mainly attributed to the fact that they are
able to find sub-optimal solutions per function evaluation. This
fact allows the Multi-Objective EA (MOEA) to search simulta-
neously for multiple Pareto solutions [1]. Various MOEA have
been developed, such as NSGA-II [2], SPEA [3], SPEA2 [4], and
PPES [5]

PSO is a Swarm Intelligence method that roughly models
the social behavior of swarms [6]. Owing to its maturity and fast
convergence, PSO has been shown as a powerful single-objective
optimizer when solving unconstrained problems in continuous
domain. Comparing to EA, PSO has the following distinguished
features [7]:

Many work related to Multi-Objective PSO (MOPSO) have
been done over the past few years. Hu and Eberhart [8, 9] de-
veloped a dynamic neighborhood PSO (mainly applicable for bi-
objective optimization problems), in which only one objective is
optimized at a time and an external archive is used to improve the
search performance. Parsopoulos et al. [10] proposed a parallel
version of the Vector Evaluated PSO (VEPSO) method for multi-
objective problems, which is inspired on the VEGA. This method
is a multi-swarm variant of PSO, in which the local search is
based on the evaluation of each swarm while the global search
depends on the information exchange between multiple swarms.
Coello et al. [11] developed a MOPSO algorithm, in which an
external repository is used to keep the information regarding his-
torical record of the non-dominated solutions found during the
search. In addition, adaptive grids (formed by hypercubes) are
used to maintain the uniformity of the Pareto solutions, and a
mutation operator is added to avoid the premature of the swarm.
Abido [12] proposed a MOPSO algorithm with non-dominated
solutions stored in local and global sets. Clustering algorithm is
applied to manage the sizes of both sets. A recent comprehensive
literature survey by Lalwani et al. [13] also showed that MOPSO
algorithms have been widely applied in a variety of fields, as
shown in Fig. 1. The previously developed Mixed-Discrete Par-
ticle Swarm Optimization (MDPSO) algorithm has been shown
to be a powerful single objective solver for highly constrained
MINLP problems [14]. In this paper, we make fundamental
advancements to the MDPSO algorithm to make it capable of
solving constrained multi-objective problems that are nonlinear,
high dimensional, and multi-modal. Moreover, the MOMDPSO
is also capable of solving problem with mixed-discrete design
variables, one of the most challenging classes of optimization
problems. However, this feature is rarely reported in the litera-
ture of MOPSO.

FIGURE 1: Area wise published applications of MOPSO [13]

MULTI-OBJECTIVE MIXED-DISCRETE PARTICLE
SWARM OPTIMIZATION ALGORITHM
Basic PSO and Single-objective MDPSO

Particle Swarm Optimization (PSO) is a population-based
single-objective optimization algorithm [6]. In basic PSO, can-
didate solutions are represented by “particles”, flying through the
search space. The flight is governed by two basic equations: (i)
position update and (ii) velocity update. The position of each
particle represents one candidate solution in the search space,
and the update is based on an assigned velocity vector. This pro-
cess can be expressed as

x⃗i(t +1) = x⃗i(t)+ v⃗i(t +1) (1)

where x⃗i(t) denotes the current position of particle-i at tth genera-
tion. The new position at t +1th generation is obtained by adding
an updated velocity vector v⃗i(t +1) to the current position. This
velocity vector is determined using the equation below:

v⃗i(t +1) =Wv⃗i(t) + C1r1(⃗x
pbest
i − x⃗i(t))

+ C2r2(⃗xgbest − x⃗i(t))
(2)

where W is the inertia weight that balances the search between
exploitation (locally) and exploration (globally); x⃗pbest

i is the lo-
cal best solution that has been found by particle-i till tth genera-
tion, which is based on its own experience and that of its neigh-
bors; x⃗gbest is the currently the best solution among the entire
population (also as known as the global leader), which is de-
termined through a socially information exchange with all the
local best solutions;C1 and C2 represent cognitive and social pa-
rameters, respectively; and r1 and r2 are real random numbers
between 0 and 1.
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However, as a population-based algorithm, PSO suffers
from the premature stagnation when solving constrained op-
timization problems [15]. This primary drawback of PSO is
mainly attributed to the loss of diversity during the fast con-
vergence. Chowdhury et al. developed a Mixed-Discrete
Particle Swarm Optimization (MDPSO) algorithm to solve
mixed-discrete single-objective constrained optimization prob-
lem, which is generally formulated as

min
x j∈⃗x

f (⃗x)

x⃗ = [x1,x2, . . . ,xm,xm+1,xm+2, . . . ,xn]
sub ject to

gk (⃗x)≤ 0, k = 1,2, . . . , p
hl (⃗x) = 0, l = 1,2, . . . ,q

(3)

where x⃗ is the design vector that includes m discrete variables
and n−m continuous variables; p and q represent the number of
inequality (gk (⃗x)) and equality ((hl (⃗x)) constraints, respectively.

In MDPSO, an explicit diversity preservation term is added
to the velocity update equation. Therefore, Eq.(2) can be re-
written as

v⃗i(t +1) =Wv⃗i(t) + C1r1(⃗x
pbest
i − x⃗i(t))

+ C2r2(⃗xgbest − x⃗i(t))
+ γcr3v̂i(t)

(4)

where γc is the diversity preservation coefficient for continuous
design variables, which is evaluated adaptively as a function of
the prevailing diversity in the population at each generation; r3 is
a real random numbers between 0 and 1; and v̂i(t) is the diverging
velocity vector that is defined opposite to the global leader, as
given by

v̂i(t) = x⃗i(t)− x⃗gbest (5)

The mixed-discrete design variables are solved in contin-
uous domain and then approximated using the straightforward
Nearest Vertex Approach (NVA). For the jth discrete design vari-
able, its local hypercude Hd

j is defined as

Hd
j = {(xL

1 ,x
U
1 ),(x

L
2 ,x

U
2 ), . . . ,(x

L
m,x

U
m)},

xL
j ≤ x j ≤ xU

j , ∀ j = 1,2, . . . ,m
(6)

where xL
j and xU

j are two consecutive feasible values of the jth

discrete variable.
As the continuous variable diversity coefficient regulates the

particle movement, the diversity preservation scheme for discrete

variables is applied within the NVA application, where each dis-
crete candidate solution is approximated to xL

j or xU
j based on the

evaluated diversity of discrete variables.
In addition, the net constraint violation fc(⃗x) is used, which

combines the violation values of both inequality and equality
constraints. The principle of non-domination is then used to
compare solutions and handle constraints [2].

Development of Multi-Objective MDPSO
The MDPSO has well kept the basic features of the origi-

nal PSO; meantime, it also improves the diversity preservation
to avoid the premature stagnation. In this paper, we develop
a Multi-Objective MDPSO (MOMDPSO) based on its original
structure. In other words, we introduce the distinguished fea-
tures of MDPSO to a MOPSO algorithm, and make it suitable
for solving nonlinear, high dimensional, and highly constrained
multi-objective optimization problems with mixed-discrete de-
sign variables.

In general, a mixed-discrete multi-objective constrained op-
timization problem can be formulated as

min
x j∈⃗x

f⃗ (⃗x) = [ f1(⃗x), f2(⃗x), . . . , fNob j (⃗x)]

x⃗ = [x1,x2, . . . ,xm,xm+1,xm+2, . . . ,xn]
sub ject to

gk (⃗x)≤ 0, k = 1,2, . . . , p
hl (⃗x) = 0, l = 1,2, . . . ,q

(7)

where f⃗ (⃗x) is the vector of objective that includes Nob j objec-
tives.

The key to turn the basic PSO into a multi-objective op-
timizer is the local and global search mechanism. In single-
objective PSO algorithm, both the local and global best solutions
are represented by a single position is the search space. Analog-
ically, in the MOPSO algorithm we replace the local and global
best solutions by a set of non-dominated solutions. Therefore,
the position and velocity update equations for MOMDPSO algo-
rithm are given by

x⃗i(t +1) = x⃗i(t)+ v⃗i(t +1) (8)

and

v⃗i(t +1) =Wv⃗i(t) + C1r1(⃗x
pbest
ir − x⃗i(t))

+ C2r2(⃗x
gbest
is − x⃗i(t))

+ p0γcr3(⃗xi(t)− x⃗gbest
is )

(9)

where x⃗pbest
ir is particle-i’s “local best solution” selected from its

non-dominated local set X pbest
i ;⃗xgbest

is is particle-i’s global leader
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selected from its non-dominated global set Xgbest
i ; and p0 is a

user-defined probability: if r3 ≤ p0, γc than becomes 0.
The non-dominated local set stores the non-dominated solu-

tions so far have been found by particle-i. It is noted that whether
a solution is eligible to enter this local set is determined by the
non-domination principle. The stored solution that is the farthest
to the current one will be selected as the “local best solution”.
For the purpose of diversity preservation, the crowding distance
is used to regulate the spread of this set in objective space [2].

The non-dominated global set is generated by combining all
the non-dominated local sets, and a Pareto filter is then applied to
select the non-dominated solutions so far have been found by the
entire population. Unlike selecting one solution as the global
leader in the basic PSO algorithm, here each particle selects
the stored solution that has the shortest distance from the non-
dominated global set as its global leader. Therefore, all solutions
in the non-dominated global set are possible to be selected as
global leaders. Additionally, the capacity of the non-dominated
global set is user-defined, and we use a uniformity metric to reg-
ulate the size of this global set. The uniformity metric ∆′is given
by [16, 17]

∆′ =
S−1

∑
i=1

|di − d̄|
S−1

(10)

where S represents the size of non-dominated global set; di is the
Euclidean distance between two consecutive solutions in objec-
tive space; and d̄ is the averaged distance of all the solutions.

Diversity Preservation in MOMDPSO The diversity
of the swarm is quantified by the spread of solutions in variable
space. For continuous variables, the diversity metric Dc is quan-
tified by the volume of the smallest hypercude enclosing all par-
ticles, as given by

Dc =
n

∏
j=m+1

xmax
j (t)− xmin

j (t)

xmax
j − xmin

j
(11)

where xmax
j (t) and xmin

j (t) are respectively the maximum and
minimum values that so far have been reached along the jth di-
mension at the tth generation; and xmax

j and xmin
j represent the

pre-defined upper and lower bounds of the jth design variable,
respectively.

For mixed-discrete design variables, the diversity metric is
quantified within its local hypercude Hd

j , seeking to avoid the
stagnation inside the discrete-space. For the jth discrete design

variable, its diversity metric Dd, j is given by

Dd, j =
xmax

j (t)− xmin
j (t)

xmax
j − xmin

j
(12)

Here, it is worth to mention that the spread of solutions in
variable space is not only defined by the current location of the
swarm. The stored positions in all the non-dominated local sets
are also taken into account for measuring the diversity metric.

Owing to the impact of outlier particles on the measurement
of diversity metric, a fractional domain is applied to modify both
Dc and Dd, j. This fractional domain is defined as a fraction given
by

Fλ =

(
λ

N +1
Nλ +1

)1
n (13)

where λ is a user-defined parameter that represents the fraction
of the volume of the fractional domain to that of the smallest hy-
percude enclosing all particles (real number between 0 to 1); N is
the population size; and Nλ is the number of particles enclosed by
the fractional domain. In this paper, the upper and lower bounds
of this domain on the jth dimension at the tth generation, x̄max

j (t)
and x̄min

j (t), are formulated as

x̄max
j (t) = max

[
xmin

j (t)+λ∆x j(t)
min(x̂gbest

extrm +0.5λ∆x j(t),xmax
j (t))

]
,

(14)

x̄min
j (t) = min

[
xmax

j (t)−λ∆x j(t)
max(x̂gbest

extrm −0.5λ∆x j(t),xmin
j (t))

]

where ∆x j(t) = xmax
j (t)−xmin

j (t); x̂gbest
extrm represents one of the an-

chor points so far have been found in the non-dominated global
set.

Therefore, the modified diversity metric for both continuous
and mixed-discrete variables are expressed as

D̄c = Fλ ×Dc (15)
D̄d, j = Fλ ×Dd, j (16)

The diversity preservation coefficient γc in Eq.(9) is then ex-
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pressed as

γc = γc0 exp(
−D̄2

c

2σ2
c
),and

σc =
1√

2ln1/γmin

(17)

whereγc0 and γmin are user-defined scale and shape parameters of
the diversity metric.

For mixed-discrete design variables, the diversity-based
Nearest Vertex Approach (NVA) is applied in this paper as well.
The discrete variable diversity preservation coefficient γd, j is ex-
pressed as

γd, j = γd0 exp(
−D̄2

d, j

2σ2
c

),and

σd, j =
1√

2ln1/M j
∀ j = 1,2, . . . ,m

(18)

where the scale of the diversity metric is controlled by the size
of the jth discrete variable M j, which represents its total number
of feasible values; and γd0 is a user-defined parameter that rep-
resents the probability of position update for discrete variables.
Based on the value of γd, j and a random real number r4 between
0 and 1, the position of a particle x j on the jth dimension will be
updated using the following rules:

i If r4 is less than or equal to γd, j, x j is randomly approximated
to either xU

j or xL
j (as defined in Eq.(6)).

ii If r4 is greater than γd, j, x j is approximated to xL
j if |x j −

xL
j | ≤ |x j − xU

j |; otherwise, x j is approximated to xU
j .

It is important to note that the diversity preservation co-
efficient for continuous variables is to apply a dynamic repul-
sion away from the region which the population should con-
verge to; while the one for mixed-discrete variables is to apply
stochastic update among all the feasible solutions in the discrete
space. In the MDPSO algorithm, the λ -fractional domain reflects
how many particles have been entered the region near the global
leader. As more particles are closing to the global leader, the
modified diversity metric increases. This will result in a reduc-
tion of the repulsion. However, for MOPSO algorithm, multiple
global leaders are selected. Here, we randomly select one of the
anchor points from the non-dominated global set at each gen-
eration. In this case, particles tend to expand the spread of the
non-dominated global set and capture the full Pareto frontier.

Constraint Handling in MOMDPSO The net con-
straint violation fc(⃗x) is used to calculate the constrain violation,

which is given by

fc(⃗x) =
p

∑
k=1

max(ḡk,0)+
q

∑
l=1

max(k̄l − ε,0) (19)

where ḡk and h̄l represent the normalized inequality and equal-
ity constraints, respectively; and ε represents the tolerance for
constraints.

The non-domination principle is used for solution compar-
ison to determine if a solution is feasible or not. In single-
objective PSO algorithm, if all solutions are infeasible, the par-
ticle with smallest violation value will be selected as the global
leader. However, for this specific scenario, it is inefficient to
only use one global leader for MOPSO algorithm, especially
for highly constrained multi-objective optimization problems. In
this paper, we developed a constraint handling scheme for con-
strained multi-objective optimization problems. When all solu-
tions are infeasible, the following scheme will be applied for se-
lecting the global leaders:

V = 1
for all particle i ∈ Pop do

vio = sort( fc,i)
if fc,i < ε̃ then

V =V +1
end if

end for
if V ≥ S then

s = 1
while s < S do

X⃗gbest pushback(Vs)
end while

else
s = 1
while s < L do

X⃗gbest pushback(Vs)
end while

end if
Here, S is the specified capacity of the non-dominated global

set X⃗gbest , and ε̃ is a user-defined lower tolerance. Particles with
violations smaller than ε̃ are chosen to enter X⃗gbest ; however, if
the population of these particles satisfying ε̃ is still less than S,
a smaller number of particles, L, will be selected based on their
violation values ranked by vector vio.

NUMERICAL EXPERIMENT
To validate the Multi-Objective MDPSO (MOMDPSO) al-

gorithm, we apply it to three different classes of multi-objective
optimization problems: (i) standard unconstrained continuous
test functions, (ii) constrained continuous test functions, and (iii)

5 Copyright c⃝ 2014 by ASME



constrained mixed-discrete problems. In the third class, a multi-
objective wind farm layout optimization problem is included.
These three sets of numerical experiments will be discussed in
the following three subsections.

TABLE 1: User-defined parameters for standard unconstrained
continuous test functions

Parameter Value

Population size min(100,10m)

Elite set size 40

W 0.5

C1 1.5

C2 1.5

λ 0.1

γc 1.0

γc0 1e−6

p0 0.25

Unconstrained Continuous Test Functions
First, the performance of MOMDPSO is tested using a se-

ries of well-known unconstrained bi-objective optimization prob-
lems, with known analytical solution. Table 2 lists the formula-
tions of the four test functions by Zitzler et al. [18] namely the
ZDT test cases, as well as two other popular test cases by Fonseca
and Fleming [19] and Coello et al. [20]. In addition, their ana-
lytical solutions are also provided. All the six test functions have
two objectives that are to be minimized. The number of function
evaluations for ZDT test cases is 25,000 times and 2,000 times
for the other two cases.

Two performance metrics introduced by Deb et al. [16] are
used to evaluate the performance of MOMDPSO. The first per-
formance metric, γ , measures the convergence towards the actual
boundary, which is given by

γ =

|S|

∑
i=1

di

|S|
,

di =
|P∗|
min
j=1

√
K

∑
k=1

[
f i
k− f j

k
f max
k − f min

k
]2

(20)

where P∗ is the reference set of Pareto solutions and S is the
obtained set of non-dominated solutions; K is the total number
of objectives (in this case, K = 2); di represents the shortest Eu-
clidean distance between the ith obtained non-dominated solution
to P∗; and f max

k and f min
k represent the maximum and the mini-

mum function values of the kth objective in P∗, respectively. In
this paper, 500 uniformly distributed solutions are generated in
P∗ (|P∗| = 500) to calculate γ . The second performance metric,
∆, measure the diversity of non-dominated solutions, which is
given by

∆ =

d f +dl +
|S|−1

∑
i=1

|di − d̄|
|S|−1

d f +dl +(|S|−1)d̄
(21)

where di is the Euclidean distance between two consecutive non-
dominated solutions in S; d f and dl are the Euclidean distances
between the extreme solutions of P∗ and those of S, respectively;
and d̄ is the averaged distance of all di, i ∈ [1, |S|−1].

In order to compensate the impact of random parameters,
the optimization for each test function is run 10 times. The best
result out of 10 runs (in terms of γ and ∆) for each test func-
tion is compared with its analytical solution. Fig. 2(a) to 2(f)
present the Pareto frontiers obtained by MOMDPSO for all six
test cases. From the figures, it is observed that the results for all
test functions have strong agreement with the analytical solution,
except the Fonseca-Fleming problem, which did not converge to
the actual boundary due to the low number of function evalua-
tions. Additionally, it is also observed that the actual extreme
solutions for each case are captured by the MOMDPSO.

Constrained Continuous Test Functions
In this subsection, the performance of MOMDPSO is eval-

uated using five constrained bi-objective test functions. Table 4
lists the formulations of test functions, including the objective
functions and constraints. The number of function evaluations
for this set of test cases is 30,000. The algorithm is run 10 times
for each case due to the impact of random parameters.Since ana-
lytical solutions are not provided for this set of test cases, the best
result is determined in terms of ∆′ and the Euclidean distance be-
tween the extreme solutions in the obtained set S. Fig. 3(a) to
3(e) present the best Pareto sets of all five test cases obtained by
MOMDPSO. Additionally, the values of the prescribed MDPSO
parameters for this set of test cases can be found in Table 3.

Constrained Mixed-discrete Problems
In this subsection, a constrained bi-objective MINLP prob-

lem and a multi-objective wind farm layout optimization problem
are used to evaluate the performance of MOMDPSO for solv-
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FIGURE 2: MOMDPSO results for standard unconstrained continuous test functions
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FIGURE 3: MOMDPSO results for standard unconstrained continuous test functions
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TABLE 3: User-defined parameters for constrained continuous
test functions

Parameter Value

Population size 100

Elite set size 40

W 0.5

C1 1.5

C2 1.5

λ 0.1

γc 1.0

γc0 1e−5

p0 0.25

ε̃ 1.0e−6

L 10

ing highly constrained multi-objective mixed-discrete optimiza-
tion problems. The user-defined parameter for both problems are
listed in Table 5.

The constrained bi-objective MINLP problem is adopted
from Dimkou et al. [24], which is given by

min
x⃗,⃗y

( f1(⃗x, y⃗), f2(⃗x, y⃗))

f1(⃗x, y⃗) = x2
1 − x2 + x3 +3y1 +2y2 + y3

f2(⃗x, y⃗) = 2x2
1 + x2 −3x3 −2y1 + y2 −2y3

sub ject to
g1(⃗x, y⃗) = 3x1 − x2 + x3 +2y1 ≤ 0
g2(⃗x, y⃗) = 4x2

1 +2x1 + x2 + x3 −40+ y1 +7y2 ≤ 0
g3(⃗x, y⃗) =−x1 −2x2 +3x3 +7y3 ≤ 0
g4(⃗x, y⃗) =−x1 −10+12y1 ≤ 0
g5(⃗x, y⃗) = x1 −5−2y1 ≤ 0
g6(⃗x, y⃗) =−x2 −20+ y2 ≤ 0
g7(⃗x, y⃗) = x2 −40− y2 ≤ 0
g8(⃗x, y⃗) =−x3 −17+ y3 ≤ 0
g9(⃗x, y⃗) = x3 −25− y3 ≤ 0

(22)
where x⃗ and y⃗ are continuous and binary design variables, respec-
tively.

For the wind farm layout optimization problem, two objec-
tives are included: (i) minimizing the land area per MW installed
(LAMI) and (ii) minimizing the wind farm Capacity Factor (CF).

TABLE 5: User-defined parameters for constrained bi-objective
MINLP and multi-objective wind farm layout optimization

Parameter
constrained multi-objective wind

bi-objective MINLP farm layout optimization

Population size 100 20m

Elite set size 40 20

Generation 300 500

W 0.5 0.5

C1 1.5 1.5

C2 1.5 1.5

λ 0.1 0.1

γc0 1.0 1.5

γmin 1e−6 1e−8

γd0 0.5 0.6

p0 0.25 0.4

ε̃ 1.0e−5 1.0e−4

L 10 20

This optimization problem is formulated as

min [CF(V 2N ,T ),A(V 2N)]
V 2N = {x1,x2, . . . ,xN ,y1,y2, . . . ,yN}
T ∈ {1,2, . . . ,10}

sub ject to
g1(V 2N ,T )≥ DTi

i +D
Tj
j

i, j = 1,2, . . . ,10
g2[V 2N ,T,A(V 2N)]≥ ĈF

(23)

where N is the number of turbines, here N = 25; V 2N represents
the design vector of turbine coordinates; and T is an integer de-
sign vector representing the turbine type. In this work, 10 candi-
date turbine types are selected.

This optimization also includes two constraints. g1(V 2N ,T )
represents the inner-turbine spacing constraint, which indi-
cates that the spacing between any two turbines (Turbine-i and
Turbine- j) must be no shorter than the sum of their rotor diam-
eters, DTi

i +D
Tj
j . Constraint g2[V 2N ,T,A(V 2N)] is the predicted

CF for a candidate solution of turbine location, turbine type, and
land area. For the purpose of practical considerations, the pre-
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dicted CF must be no lower than a referenced value ĈF . The ca-
pacity factor of a wind farm is computed using the power gener-
ation model incorporated in the Unrestricted Wind Farm Layout
Optimization framework [25]. This model quantified the power
generation of a wind farm as a function of incoming wind condi-
tions, turbine features, and location of turbines. For the sake of
simplicity, a single wind direction scenario is considered. Addi-
tionally, the land area is determined using the Layout-based land
usage, by which the land area for any given layout of turbines
can be calculated without pre-defining farm boundaries [26].

A final set of Pareto solutions is generated by applying the
Pareto filter to all the non-dominated solutions obtained after 10
runs. Fig. 4 shows the results obtained by MOMDPSO for the
constrained bi-objective MINLP problem. In Fig. 4(a) the solu-
tions are showed in the frame as the cited reference [24]. How-
ever, the resulted presented in Fig. 4(b) have more solutions as
indicated by square box.

Fig. 5 shows the results obtained by MOMDPSO for the
multi-objective wind farm layout problem for 25 turbines. Since
the single wind direction scenario is considered, the variation of
CF is relatively small. However, we obtained 20 non-dominated
solutions in this range within a relatively large range of land us-
age.

CONCLUSION
In this paper, we developed a new MOMDPSO by making

fundamental advancements to the previously developed single-
objective MDPSO algorithm. This new MOMDPSO algorithm
is capable of solving highly constrained, highly nonlinear, high
dimensional, and multi-modal problems with different types of
design variables. Two important modifications are made to ex-
tend the MDPSO algorithm to a multi-objective optimizer:

i by using the non-dominated local and global sets, we suc-
cessfully turned the MDPSO as a multi-objective opti-
mizer; while the basic features of MDPSO algorithm can be
well preserved, including easy-implementation, fast conver-
gence, diversity preservation, and mixed-discrete variable
handling.

i the diversity preservation is modified to be applied for multi-
objective optimization problems by defining the fractional
domain near the extreme solutions in the intermediate Pareto
frontier.

The application of crowding distance to the non-dominated lo-
cal set enables the algorithm to maintain a well diversity from
the local search level; while the non-dominated global set pro-
vides multiple global leaders for the entire swarm to find the
Pareto frontier. The modified diversity preservation technique
can avoid the pre-mature stagnation and helps the swarm to ex-
plore the full Pareto frontier. A series of unconstrained contin-
uous, constrained continuous multi-objective test functions, one

constrained bi-objective MINLP problem, and a multi-objective
wind farm layout optimization problem were used to evaluate the
performance of MOMDPSO. The comparison of the results with
those obtained by NSGA-II will be provided in the final paper.
Future work will include the test problems with three objectives.
In addition, more complex problems will be tested to explore the
potential of MOMDPSO algorithm.
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TABLE 2: Standard unconstrained continuous test functions

Test function m Upper & lower bounds Objective function Analytical solution

ZDT1 30 xi ∈ [0,1]

f1 = x1

g = 1+9
m

∑
i=2

xi

m−1
,h = 1−

√
f1

g

f2 = h ·g

Set g = 1

ZDT2 30 xi ∈ [0,1]

f1 = x1

g = 1+9
m

∑
i=2

xi

m−1
,h = 1−

(
f1

g

)2

f2 = h ·g

Set g = 1

ZDT3 30 xi ∈ [0,1]

f1 = x1

g = 1+9
m

∑
i=2

xi

m−1

h = 1−

√
f1

g
− f1

g
sin(10π f1)

f2 = h ·g

Set g = 1

ZDT4 10

xi ∈ [0,1],
xi ∈ [−5,5],
i = 2,3, . . . ,m

f1 = x1

g = 1+10(m−1)+
m

∑
i=2

x2
i −10cos(4πxi)

h = h = 1−

√
f1

g

f2 = h ·g

Set g = 1

ZDT5 11

xi ∈ [0,1],
30 bit resolution
xi ∈ [−5,5],
i = 2,3, . . . ,m
5 bit resolution

f1 = 1+u(x1)

u(xi) = number of “1”in the binary form of xi

g =
m

∑
i=2

v(u(xi)),h =
1
f1

v(xi) =

{
2+u(xi) i f u(xi)< 5
1 i f u(xi) = 5

f2 = h ·g

Set g = 10

ZDT6 10 xi ∈ [0,1]

f1 = 1− exp [−4x1 sin6(6πx1)]

g = 1+9


m
∑

i=2
xi

m−1


0.25

,h = 1−
(

f1

g

)2

f2 = h ·g

Set g = 1
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Standard Unconstrained Continuous Test Functions (continued)

Test function m Upper & lower bounds Objective function Analytical solution

Fonseca-Fleming 3 xi ∈ [−4,4]

f1 = 1− exp

[
−

m

∑
i=2

(
xi −

1√
m

)2
]

f2 = 1− exp

[
−

m

∑
i=2

(
xi +

1√
m

)2
] Set f2 = 1− exp

[
−
(

2−
√
− ln(1− f1)

)2
]

Coello 2 xi ∈ [0,1]

f1 =x1

f2 =(1+10x2)

[
1−

(
x1

1+10x2

)2

− x1

1+10x2
sin(8πx1)

] Set f2 = 1− f 2
1 − f1 sin(8π f1)

TABLE 4: Constrained Continuous Test Function

Test function m Upper & lower bounds Objective function Constraints

CONSTR [21] 2 x1 ∈ [0.1,1],x2 ∈ [0,5]
f1 = x1

f2 =
1+ x2

x1

9x1 + x2 −6 ≥ 0
9x1 − x2 −1 ≥ 0

SRN [21] 2 xi ∈ [−20,20]
f1 = (x1 −2)2 +(x2 −1)2 +2

f2 = 9x1 − (x2 −1)2

− x2
1 − x2

2 +225 ≥ 0
− x1 +3x2 −10 ≥ 0

TNK [21] 2 xi ∈ [0,π]
f1 = x1

f2 = x2

x2
1 + x2

2 −1

−0.1cos
[

16arctan
(

x1

x2

)]
≥ 0

− (x1 −0.5)2 − (x2 −0.5)2 +0.5 ≥ 0

Binh-Korn [22] 2 x1 ∈ [0,5],x2 ∈ [0,3]
f1 = 4x2

1 +4x2
2

f2 = (x1 −5)2 +(x2 −5)2

− (x1 −5)2 − x2
2 +25 ≥ 0

(x1 −8)2 − (x2 +3)2 −7.7 ≥ 0

Osyczka-Kundu [23] 6

x1 ∈ [0,10],x2 ∈ [0,10]
x3 ∈ [1,5],x4 ∈ [0,6]
x5 ∈ [1,5],x1 ∈ [0,10]

f1 =−25(x1 −2)2 − (x2 −2)2

− (x3 −1)2 − (x4 −4)2

− (x5 −1)2

f2 =
m

∑
i=1

x2
i

x1 + x2 −2 ≥ 0
− x1 − x2 +6 ≥ 0
x1 − x2 +2 ≥ 0
− x1 +3x2 +2 ≥ 0

− (x3 −3)2 − x4 +4 ≥ 0

(x5 −3)2 + x6 −4 ≥ 0
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